We study the diffuse transport of light through polymer slabs containing TiO 2 scattering particles. The slabs are diffuser plates typical of a commercial white light-emitting diode (LED) module (Fortimo). We have measured the diffuse transmission and reflection properties over a broad wavelength range (470-840 nm) from which we derive the transport mean free path using the theory of light diffusion. With increasing scatterer density, the mean free path becomes shorter. The mean free path increases with wavelength; hence, blue light is scattered more strongly than red light. To interpret the results, we propose an ab initio model without adjustable parameters for the mean free path by using Mie theory. We include inhomogeneous broadening as a result of the size distribution of the scattering particles as measured by dynamic light scattering. Surprisingly, the calculated mean free path decreases with wavelength, at variance with our experiments, which is caused by particles with radii R in excess of 0.25 μm. Close inspection of the scatterers by electron microscopy reveals that large particles (R > 0.4 μm) consist of clusters of small particles (R < 0.13 μm). Therefore, we have improved our model by only taking into account the individual scatterers within the clusters. This model predicts mean free paths in good agreement with our experimental results. We discuss consequences of our results to white LED lighting modules.
Introduction
There is a strong worldwide drive to efficiently generate white light for many applications in lighting. A modern approach is to employ white light-emitting diodes (LEDs) [1] [2] [3] [4] . These white LEDs typically consist of a blue semiconductor diode combined with luminescent phosphors that convert part of the blue light to the additional colors yellow, green, and red. In state-of-the art white-light LED technology, one exploits the light-scattering properties of the phosphors. Thanks to intentional structural features such as air inclusions or material scatterers, light is multiply scattered [3, 4] . Consequently, the transport of light becomes diffusive, which is helpful to obtain an even lighting without hot spots or without angular color distribution, as is desired for lighting applications. Moreover, photons are recycled so that thin phosphor layers can be used. Thereby, cost efficiency is improved and the environmental impact is reduced.
Central challenges in understanding the optical properties of white LEDs arise from limitations in the physical understanding of the combined multiple light scattering and energy conversion in phosphors. The properties of the LEDs are currently described by models wherein light scattering and energy conversion are treated by ray-tracing and Monte Carlo techniques [4] [5] [6] . Unfortunately, it appears that the LED spectra cannot be predicted quantitatively, or that relevant optical parameters must be adjusted to match with measured data [7, 8] . These limitations in predictive power clearly hamper the design and development of efficient white LEDs with desired characteristics or with novel tailored properties.
An improved description of multiple light scattering can be obtained by analytical theories originating from nanophotonics, wherein multiple scattering of light is described from first principles [9] [10] [11] [12] . The advantage of such ab initio models over ray tracing is that one obtains fundamental physical insight, starting from the detailed nanostructure of a sample. Moreover, calculating optical properties from a model is computationally much faster than performing a ray tracing simulation. On the other hand, we note that such models are usually limited to simple sample geometries, such as a slab, a sphere, or a semi-infinite medium. To ultimately model complex LED luminaires that are of practical interest, one must resort to ray-tracing models that are improved with the aid of ab initio models.
Most nanophotonic theories and experiments to date are applied to situations where narrowband light sources have been used. Therefore the main question arises of how to extend nanophotonic models to describe the transport for broadband light, which is particularly relevant to white LEDs. There have been a few pioneering broadband studies, on dense Si powder in the infrared [13] , on dense resonant photonic glasses [14] , and on dense TiO 2 powder [15] . As a first step in applying nanophotonics to white LEDs, the aim of the present paper is to obtain an understanding of the broadband multiple light scattering of diffuser slabs typical of white LEDs. To this end, we have chosen to study the diffuser plates of commercially available white LED luminaires [16] by total transmission, also known as diffuse transmission, which is the transmission integrated over all outgoing angles at which light exits from a medium. The total transmission contains information on the transport mean free path, a crucial parameter that describes multiple scattering of light [9] [10] [11] [12] 17] . The transport mean free path is the distance it takes for the direction of light to become randomized while light performs a random walk in a scattering medium. To model the results, we use the well-known Mie theory, supplemented by the size distribution of the scatterers.
Experimental Details
In this paper, we present results obtained on five polymer slabs (polycarbonate, Teijin Panlite ML2102 [18]) typical for Fortimo white LED units [16] . In order to scatter light, the polymer slabs contain TiO 2 particles [19] with weight densities ranging through ϕ 0, 0.01, 0.05, 0.10, and 1.0 wt. %. For subsequent modeling, the mass density is converted to a scatterer volume fraction f by a conversion factor of 0.3 vol. %∕wt. %, which takes into account the densities of the materials. Similar results were obtained on other slabs made from different polymers. The slabs were fabricated as follows: a powder of TiO 2 particles is mixed with the polymer by making a compound in the required weight ratio. Next, the compound is shaped into disks (60 mm × 2 mm) by industrial injection molding. The disks have a thickness L 2.0 mm.
The TiO 2 particles were commercially obtained from Kronos (Germany). A scanning electron micrograph (SEM) of the particles is shown in Fig. 1 . The particles reveal a large variation of sizes, similar to our earlier experience with TiO 2 powders [20] . The broad size distribution is favorable for a uniform scattering of white light [1] . The inset shows a close up of a large particle with a radius R 0.45 μm that reveals that it consists of a cluster of smaller particles with radii in the range up to about 0.13 μm.
The size distribution of similar scatters is shown in Fig. 2 . The radii are determined by dynamic light scattering, at Philips MiPlaza, which yields a hydrodynamic radius [21] ; while such a radius is slightly larger than the one determined from SEM, this effect is minor compared to the very broad distribution. Anticipating the fact that for the model calculations the particles have to be of spherical shape, the size distribution has been obtained by adopting this simplification. As will be explained later this is not a serious shortcoming of our approach. The distribution has a broad and asymmetric peak with a maximum at a particle radius R 0.14 μm, followed by a Fig. 1 . SEM of TiO 2 particles as used in the experiments. The scale bar is 10 μm long. The image shows a large variation in sizes as illustrated in Fig. 2 . Inset: zoom-in of a large particle that consists of a cluster of smaller particles (R < 0.13 μm); scale bar is 0.2 μm long. broad tail of large particles up to R 1.0 μm. In this distribution of hydrodynamic radii, no provision could be made for small particles within a cluster.
To measure broadband, spectrally resolved, total transmission T of light we used a setup using a supercontinuum white-light source (Fianium SC-450-2). The incident light was filtered with a 850 nm short pass filter to remove long wavelengths, notably the bright 1064 nm pump light from the source. The beam was collimated and the diameter was set by several irises to less than 2 mm, and was incident at normal incidence on a slab that was horizontally placed on the entrance port of an integrating sphere. Since the incident beam was not focused, we can safely neglect the dependence of total transmission on the angle of incidence. We verified that the entrance port of the integrating sphere was sufficiently large to accept the complete diffuse spot emanating from the strongest scattering sample. The diffuse output of the integrating sphere was monitored with a fiber-to-chip spectrometer (Avantes) with a spectral resolution of 1.2 nm. The spectral range runs from λ 470 to 840 nm, and is limited by the white light source output and the cutoff wavelength of the filter.
For all slabs, we collected several spectra and repositioned a sample in between scans to test the reproducibility and sample homogeneity; moreover, the measurements reproduced to within a few percent on different days. To calibrate the total transmission values, we collected reference spectra in absence of a sample, and determined the total transmission as the ratio of a sample spectrum and a reference spectrum. Reference spectra were frequently collected in between sample spectrum measurements to correct for possible time-dependent changes in the setup. This calibration procedure results in a relative reproducibility better than 1%, between 480 and 830 nm. The total relative error in the transmission is estimated to be about 5% (percent points, including systematic errors) based on the variations between different measurements.
Both the diffuse reflectivity and the total reflectivity-equal to the sum of the diffuse and the specular reflectivities-were acquired at the Light Labs on the same samples, using a Varian Cary 5 spectrometer with an accuracy of 1% in the wavelength range between 360 and 800 nm. From the total reflectivity and the diffuse reflectivity, we obtained the specular reflectivity R s by straightforward subtraction.
Results
In Fig. 3 , we show total transmission spectra for slabs with increasing TiO 2 content. In broad terms, such spectra are a measure for the degree of light scattering: less total transmission means more scattering. Comparing spectra with increasing TiO 2 content, we observe a decreasing total transmission, which is intuitively sensible as the scattering strength is expected to increase with the density of scatterers. In each spectrum, the transmission increases with wavelength, indicating more scattering for blue than for red light, which is also intuitively reasonable. The weak, fringe-like features between 550 and 600 nm are artifacts from the setup that could not completely be removed by referencing. The faint features near 600 and 676 nm are caused by absorption of the polymer matrix as concluded from additional experiments [22] ; since they are not important to the main results of this paper, they will henceforth be disregarded. The sample without additional scatterers has a total transmission between 70% and 75%, which appear to be the limiting values for weakly scattering media as we will discuss below.
According to diffusion theory for light in complex media [9] [10] [11] [12] 17] , the total transmission Tλ of a scattering medium is given by the following expression: Fig. 2 . Distribution of the radii nR of the TiO 2 light scattering particles used in the experiments. Since the distribution is obtained from dynamic light scattering, the radii are hydrodynamic radii [21] . The particles are approximated to be spherical, and the distribution is normalized to 1. 
The total transmission is inversely proportional to the sample thickness L, and can thus be interpreted as the optical analogue of Ohm's law for the conductance of electrons. Furthermore, R s λ is the specular reflectivity of the incident light beam from the front face, and z e λ is the extrapolation length that describes the boundary conditions of the diffuse intensity at the interface of the sample. Last but not least, lλ is the transport mean free path we wish to study.
Since the mean free path of light in our samples will appear to be comparable to the sample thickness (l ≃ L), in other words the samples are moderately in the multiple scattering regime, it is relevant to wonder if it is justified to invoke diffusion theory. In [23] , the enhanced backscattering cone, a quintessential multiple scattering phenomenon, was calculated both with exact theory and with diffusion theory. It appears that even for low order of scattering, i.e., for weak multiple scattering, the diffusion theory agrees very well (better than 10%) with the exact results. In addition, Durian has concluded from simulations of the diffuse transmission of samples with widely varying thickness that the diffusion approximation is in surprisingly good agreement with the exact results, even for a sample thickness of the order of the mean free path [17] . Therefore, we conclude that it is justified to apply diffusion theory to our samples.
To obtain the mean free path from the diffuse transmission through Eq. (1), we have measured the specular reflectivity R s λ of the incident beam on the samples, shown in Fig. 4 . The sample with the highest TiO 2 particle density reveals a shallow trough near 400 nm, which agrees with the intrinsic absorption of TiO 2 [24, 25] . It is remarkable that the spectra of all samples closely coincide: they start at a reflectivity of 5% in the blue and decrease to 4% in the red. The specular reflectivity is, in contrast to the diffuse reflectivity, mostly determined by the optical properties of the polymer and nearly independent of the density of TiO 2 scatterers in the slabs. This dependence is reasonable since the volume fraction of the scatterers (f ≤ 0.3%) is much less than of the polymer and as a result the TiO 2 particles hardly contribute to the average index of refraction. Assuming Fresnel reflectivity, the average refractive index of the diffusers decreases from about 1.55 in the blue to 1.5 in the red, in agreement with typical values for polymers.
From diffusion theory, one can express the extrapolation length in terms of the mean free path lλ as [26, 27] :
Here,Rλ is the polarization and angle-averaged internal diffuse reflectivity of the sample. For a medium with an average refractive index n 1.5 the average internal diffuse reflectivity is equal tō R 0.57, andR 0.6 for n 1.55 [26, 27] . As a result we obtain the transport mean free path from the measured and known quantities as
where the factor tλ is shorthand notation for a ratio including total transmission and specular reflectivity:
and the factor rλ includes the angle-averaged internal diffuse reflectivityRλ:
For the samples with low scatterer densities (0 and 0.003 vol. %), the mean paths are much larger than the sample thickness l ≫ L, although the samples have visually a diffuse appearance. If we also use the observation that the specular reflectivity is relatively low (R s ≪ 1), we find for the total transmission in this limit that lim l≫L;R s ≪1 Tλ lλ z e λ 2z e λ 1 
We draw two conclusions from Eq. (6): first, since the mean free path cancels in numerator and denominator, the total transmission for these weakly scattering samples is independent of the mean free path. Obviously it is in this limit not possible to derive the mean free path from a total transmission experiment. Secondly, by usingR 0.57 to 0.60 (see above), rλ is between 3 and 4, and therefore the total transmission ranges from 69% to 75%, in very good agreement with the results in Fig. 3 . Thus, the limiting value for the total transmission is not necessarily 100%, which illustrates that total transmission behaves differently from the usual Lambert-Beer transmission using nondiffuse input and output beams. The wavelength-dependent mean free paths for optically thick samples with ≥0.015 vol. % obtained from Eq. (3) are summarized in Fig. 5 . For the samples with a scatterer density of 0.015 vol. % and higher, the mean free paths are less than the sample thickness of 2 mm. The mean free paths increase with wavelength and decrease with increasing density of TiO 2 scatterers as intuitively expected. For the strongest scattering sample, the mean free path increases by a factor 3.5×, from 0.04 to 0.14 mm in the spectral range between 450 and 750 nm. This trend reveals that the observed scattering is not in the Rayleigh regime, as the well-known λ 4 scaling of the scattering cross section [28] [29] [30] would correspond to an increase by a factor of 8, which is not the case here. Therefore, the size parameter x that characterizes the regime of light scattering (defined as x 2πmR∕λ; m is the refractive index contrast to the surrounding medium) is not small as in the Rayleigh regime; in the Discussion section, we will see that x is in the Mie regime [28, 29] .
To investigate the density dependent behavior of light scattering, we plot in Fig. 6 the inverse mean free path versus the density of TiO 2 scatterers in the diffuser plate. At all three wavelenghts shown (λ 500, 600, 700 nm) that span the measured range, the inverse mean free path increases linearly with the particle density. This agrees with the results by van der Mark et al. [23] , who observed a linear relation to 20 vol. %. The deviations from linearity are largest at the lowest density, which is reasonable since here the scatterers affect the total transmission the least so the relative errors are the largest. At densities beyond 0.015 vol. %, the variations in inverse mean free path are less than 0.1, corresponding to a relative error of better than 10%. We conclude that the scatterers are so dilute that the multiple light scattering takes place in the independent scattering approximation [9] [10] [11] [12] . This is in agreement with Kubelka-Munk considerations [31] , which is helpful as it considerably simplifies the modeling.
Model
To obtain an analytical model of the mean free path, we use Mie scattering theory [28, 29] that is exact for a single particle, combined with the measured distribution ρR of particle radii R as has been measured at Philips. In this section, all mean free paths are implicitly understood to depend on frequency or wavelength λ. We assume that the particles scatter independently, which is reasonable as the scatterer density is low (f ≤ 0.3 vol. %) and which is borne out by the results in Fig. 6 . Therefore, we add the contributions from all scattering particles to the optical cross sections C (scattering, absorption, or extinction). As discussed earlier, e.g., in [32, 33] , the inverse scattering mean free path for a discrete distribution of particles is equal to
where N i is the number of scatterers with cross section C i , and N∕V is the number density of scatterers. For a continuous distribution of particle radii, the inverse scattering mean free path can be generalized to where nR is the number density of scatterers with radii R, and n ≡ N∕V the total number density of scatterers. Since we wish to interpret the total transmission, we have calculated the transport mean free path l averaged over the particle size distribution that is equal to:
where hcosθiR is the average scattering angle of scatterers with radii R [28, 29] , and hcosθi avg is the average scattering angle.
Discussion
Using the model described in the previous section, we have calculated the transport mean free path as a function of wavelength using the known particle size distribution nR (see Fig. 2 ). The calculated mean free paths are shown in Fig. 7 and are compared to the experimental data for the sample with the highest density of scatterers with a volume fraction f 0.3 vol. %. With increasing wavelength, the calculated mean free paths decrease from 1.15 to 0.9 mm. Thus the calculated values differ in two aspects from the experiments: first, the calculated ones are a factor 6-27 times higher than the measured ones, and second, the calculated values decrease with wavelength instead of increasing. The major differences between the model and our observations may be attributed to two main physical reasons:
1. The SEM picture of the TiO 2 scatterers in Fig. 1 reveals that the scatterers have shapes that differ from the spherical shape assumed in our model. Nevertheless, it appears that approximating the scatterers by spheres is not a severe limitation in the multiple-scattering limit. Fine details of singlescattering properties are rapidly washed out when the sample contains particles with a substantial size distribution and when multiple scattering sets in. Averaging over a size distribution washes out resonant effects that may occur for a certain shape, and multiple scattering results in an orientational averaging that washes out angle-dependent resonances of nonspherical scatterers (shown for single scattering in, e.g., [33] ). Therefore, we consider it unlikely that nonsphericity of the scatterers is the main source of discrepancy between model and observations.
2. The microscopic structure in Fig. 1 also reveals that the large TiO 2 scatterers effectively consist of clusters of smaller particles with radii R < 0.13 μm.
To investigate this hypothesis, we have analyzed the integrals over particle sizes in the numerator and denominator of Eqs. (9) and (10) by calculating the mean free path for an increasing integral boundary R max , in other words, for an increasingly broad size distribution nR [34] . We find that only for small spheres up to R max 0.25 μm does the calculated mean free path have a positive slope with wavelength in agreement with the experimental results. Further increasing the integral boundary R max results in a reversal of the slope. Such a decrease of l versus λ is caused by the fact that the larger sphere fractions in the distribution (with radii R max > 0.25 μm) have a size parameter x > 3, which means that the scattering cross section is in the range beyond the first main Mie resonance [28, 29] . Since the cross section has a maximum at a resonance, it decreases with increasing size parameter, resulting in a decreasing mean free path with wavelength. The fraction of large spheres dominates the results in Fig. 7 , which is reasonable since the scattered power increases with scatterer volume squared.
Based on this observation, we propose a second model, based on visual inspection of the SEM pictures, wherein we limit the maximum sphere radius in the distribution of sphere sizes to R max 0.13 μm; in other words, we cut the distribution shown in Fig. 2 off at R 0.13 μm (we neglect deviations from sphericity of the small scatterers for the same reason as explained above) [34] . The results from this heuristic second model without adjustable parameters are also shown in Fig. 7 . The calculated mean free paths range from 0.04 to 0.09 mm, which is in much better agreement with the experimental data (0.04-0.14 mm) than the first model above. The relative difference between experiment and model is less than 35%, which is a substantial improvement over the first model where the differences amount to 600%-2700%. In addition, the slope of mean free path versus wavelength is slightly positive, similar to the experimental results. The dramatically improved Fig. 7 . Transport mean free path l versus wavelength. Symbols are our measurements for a Fortimo slab with f 0.3 vol. % TiO 2 scatterers. The spurious λ 676 nm absorption band has been omitted [22] . The black dashed-dotted curve is calculated for a polydisperse assembly of spherical scatters with a hydrodynamic size distribution (see Fig. 2 ). The blue drawn curve is calculated for a polydisperse assembly of spherical scatters with a size distribution cutoff at R 130 nm based on the SEM results. agreement confirms our hypothesis that small particles (also those within the clusters) are the dominant source of scattering. The observation that the calculated mean free paths are somewhat smaller than the measured ones is slightly surprising since in the diffuser plates, light is not only scattered by the TiO 2 scatterers, but also by other inhomogeneities, as is evident from the observation that plates without TiO 2 scatterers have a milky appearance. A possible cause for the difference may be that the fabrication of the polymer plates by extrusion may be accompanied by strong shear forces that could affect the size distribution, as larger particles might be reduced in size. At any rate, we find the agreement between our second model and the data gratifying in view of three features: (i) we have obtained a first ab initio model for multiple light scattering in white LED components, (ii) our model has no freely adjustable parameters, and (iii) it is challenging to derive a size distribution for particles within clusters. Finally, we note that since both the measured inverse mean free path and the modeled ones are proportional to the scatterer density [see Fig. 6 and Eq. (9), respectively], the good agreement between the second model and the data also holds for densities other than f 0.3 vol. %.
Let us place our results in context with previous studies: Rivas et al. reported mean free paths on dense Si powder with a very broad size distribution, as measured by total transmission in the infrared [13] . They observed that the mean free path increases with wavelength from 0.6 μm at λ 1.4 μm to 0.85 μm at λ 2.5 μm, a similar trend as reported here. A model of independently scattering monodisperse Mie-spheres revealed a moderate agreement with many unobserved resonances. Much better agreement was obtained with an advanced model based on the coherent potential approximation (to take into account scatterer-scatterer effects typical of elevated densities), and averaging over the broad size distribution. The agreement between their overall behavior and our results supports our heuristic approach to take dependent scattering into account by limiting the size distribution to the particle sizes within clusters.
Secondly, García et al. [14] measured mean free paths on disordered assemblies of polystyrene spheres (so-called photonic glasses) by means of total transmission and also performed model calculations. They observe that the transport mean free path increases with wavelength. This trend agrees with our results, even though the systems are fairly different, as García et al. study a high density of monodisperse scatterers with a low index contrast whereas we study a low density of polydisperse particles with a high index contrast. Surprisingly, the mean free paths calculated with their model show an opposite trend with wavelength: the model predicts values from 1.8 to 1.2 μm, whereas the experiments results run from 2.3 to 3.2 μm. At this time, no reason for the opposing trends is known.
Thirdly, it was reported that broadband mean free path measurements of TiO 2 pigment (without polymer) by enhanced backscatter cones [15] . These results show that the mean free path increases by about a factor of 2 at wavelengths between 600 and 800 nm, in agreement with our results. Unfortunately, the results were not modeled. In their study, the mean free path was about l 1 μm or about 100 times smaller than in our case, which can be understood by considering the density of TiO 2 scatterers which, in [15] , are quoted on the order of 50 vol. %, about 150× more than in our experiment, which agrees with the linear scaling of scattering strength with density discussed above.
Summary and Outlook
We have studied the optical properties of diffuser slabs relevant for Fortimo white LED modules. To this end, we have measured the diffuse transmission and reflectivity over broad wavelength ranges. By employing photonic diffusion theory, we have obtained the transport mean free path that fundamentally characterizes the diffuse transport of light in such diffuser plates. To interpret our results, we have made an analytical model without freely adjustable parameters, by combining Mie theory, using the known properties of the samples, with inhomogeneous broadening as a result of the size distribution of the scattering particles. In a first model, we have averaged the relevant scattering cross sections over the whole hydrodynamic size distribution of scattering particles. The results of this model differ substantially from the observations, since the large scatterers appear to consist of clusters of smaller ones. In a second model, we have limited the size distribution to radii of individual particles that are observed by electron microscopy within large clusters. The results of this second model are a dramatic improvement over the first model. The second model agrees within 35% of the observations, and thus form a first successful ab initio model of diffuse light transport in a LED diffuser.
It is clear that additional work is warranted to robustly model the optical properties of diffusers for white LED modules that contain scatterers with a very broad size distribution from ab initio. This situation is similar to the challenge in condensed matter physics to model charge transport in the presence of a very broad inhomogeneous distribution [35, 36] . Therefore, we recommend that future studies of LED diffusers be done on materials that contain scatterers with well-defined sizes and shapes. Indeed the results of [14, 37] confirm that excellent diffuse optical properties are obtained by employing mixtures of size-monodisperse polymer nanospheres (see [21] ) with an intentional variation in diameters. In parallel, it has been observed that samples with relatively narrow size polydispersity also yield good diffuse optical properties; in addition, these results can be successfully modeled from ab initio [38] . The use of high-quality nanospheres will also serve to avoid possible challenges associated with a variation of shapes that is also apparent from the SEM in Fig. 1 .
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